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Abstract. In this paper, we propose an explicit symplectic Fourier pseudospectral
method for solving the Klein-Gordon-Schrödinger equation. The key idea is to rewrite
the equation as an infinite-dimensional Hamiltonian system and discrete the system
by using Fourier pseudospectral method in space and symplectic Euler method in
time. After composing two different symplectic Euler methods for the ODEs resulted
from semi-discretization in space, we get a new explicit scheme for the target equation
which is of second order in space and spectral accuracy in time. The canonical Hamil-
tonian form of the resulted ODEs is presented and the new derived scheme is proved
strictly to be symplectic. The new scheme is totally explicit whereas symplectic scheme
are generally implicit or semi-implicit. Linear stability analysis is carried and a neces-
sary Courant-Friedrichs-Lewy condition is given. The numerical results are reported
to test the accuracy and efficiency of the proposed method in long-term computing.

AMS subject classifications: 65M70, 65M12, 65M06
Key words: Klein-Gordon-Schrödinger equation, Fourier pseudospectral method, symplectic
scheme, explicit scheme.

1 Introduction

The Klein-Gordon-Schrödinger (KGS) equation






iϕt+
1

2
ϕxx+uϕ=0, x∈Ω=[xL ,xR], t>0,

utt−uxx+u−|ϕ|2=0, x∈Ω=[xL ,xR], t>0,
(1.1)
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is a classical model used to describe a system of conserved scalar nucleons interacting
with neutral scalar meson coupled through the Yukawa interaction in [6], where the
complex-valued function ϕ = ϕ(x,t) represents a scalar nucleon field, the real-valued
function u=u(x,t) represents a scalar meson field and i=

√
−1 (also see [14]).

Let ϕ(x,t)=q(x,t)+ip(x,t), where q(x,t) and p(x,t) are real functions and let ut(x,t)=
2v(x,t). The KGS equation (1.1) can be written as



































pt =
1

2
qxx+uq,

qt=−1

2
pxx−up,

vt =−1

2
(uxx−u+p2+q2),

ut=2v.

(1.2)

In this paper, we consider the periodic boundary conditions

p(x+L,t)= p(x,t), q(x+L,t)=q(x,t), u(x+L,t)=u(x,t), v(x+L,t)=v(x,t),

and initial conditions

p(x,0)= p0(x), q(x,0)=q0(x), u(x,0)=u0(x), v(x,0)=v0(x),

where L=xR−xL. Let z=(p,v,q,u)T . Then (1.2) can be written as an infinite-dimensional
Hamiltonian system

dz

dt
= J−1 δH(z)

δz
(1.3)

with

J=

(

0 I2

−I2 0

)

,

I2 is the identity matrix of dimension 2 and the Hamiltonian

H(z)=
∫ xR

xL

[

−1

4
(p2

x+q2
x)+

1

4
u2− 1

4
u2

x+v2− 1

2
u(p2+q2)

]

dx.

The KGS equation posses the mass conservation law

M(t)=
∫ xR

xL

|ϕ|2dx=M(0)

and the energy conservation law

H(t)=
∫ xR

xL

1

4
(u2+u2

t +u2
x+|ϕx|2)−

1

2
u|ϕ|2dx=H(0).


